
Introduction
We address the problem of characterizing heterogene-

ity in regional aquifer systems using databases derived
from borehole logs in the public domain (predominantly
water well logs of varying quality). We also address the
problem of representing that heterogeneity within models
for ground water flow and transport. We focus on sedimen-
tary aquifer systems in which sedimentary unit types have
different permeability modes (Ritzi et al. 2003; Gaud et al.
2004).

We bring a number of methods involving indicator
geostatistics to bear on these problems (Johnson 1995; Ritzi
et al. 1995; Carle and Fogg 1996, 1997; Deutsch and Jour-
nel 1998; Carle 1998; Ritzi et al. 2000; Ritzi 2000). We
apply the geostatistical methods in ways that reduce bias in

statistics derived from borehole log data. We consider sed-
imentary units defined at two different scales within a hier-
archical framework. Our focus is on characterizing and
modeling the three-dimensional interconnection of higher-
permeability units.

The three-dimensional architecture of sedimentary unit
types can strongly influence mass transport (Anderson
1990; Desbarats 1990; Ritzi et al. 2000; Weissmann et al.
2002). Residence-time distributions can differ significantly
from unimodal, normal distributions. Shorter residence
time is influenced by transport in interconnected unit types
of higher permeability. Longer residence time is influ-
enced, in part, by transport through lower-permeability unit
types. In some cases, the relevant aspects of transport have
been shown to be sensitive to the architecture of units
defined at one scale, but insensitive to the heterogeneity at
smaller scales within those units (Desbarats 1990). How-
ever, this may not always be true. In some cases, the archi-
tecture at multiple scales may be important.

Methods in indicator geostatistics are particularly well
suited to characterizing and modeling sedimentary archi-
tecture. In briefly reviewing them, we can divide them into
two groups. In one group are the methods that are used to
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statistically characterize the architecture using lithologic
data from borehole logs. This might be referred to as statis-
tical stratigraphy. The other group includes the methods
used to model correlation and to generate realizations of the
aquifer architecture suitable for use in flow and transport
models.

Methods for characterizing sedimentary architecture
using borehole log data were introduced by Johnson and
Dreiss (1989) and Johnson (1995). One adopts an integer
code for each of the relevant unit types and codes the litho-
logic records accordingly. This creates an indicator data-
base for the spatial occurrence of unit types. An iterative
analysis is then undertaken in which the subsurface is par-
titioned, the proportions of the units within the partitions
are determined, and the partition boundaries are iteratively
moved until zones with apparently stationary proportions
are delineated (Johnson 1995; Ritzi et al. 2000). Ritzi et al.
(2000) sought zones also having stationary thickness statis-
tics (mean and variance). When the unit types are equated
to sedimentary facies, the zones defined in this process are
facies assemblages (Dominic et al. 1998). These methods
provide a statistical basis for defining the stratigraphic
framework of the facies assemblages.

The typical public database of borehole logs has multi-
ple sources of error. One approach is to use only the smaller
number of borehole logs judged to be reliable. However,
this greatly reduces the degrees of freedom associated with
the statistical estimation of relevant attributes and may leave
important regions without representation in the analysis.
Instead, the complete indicator database derived from all
borehole logs can be used to estimate statistical attributes, so
long as the errors do not bias the estimates or the bias is
understood and can be satisfactorily reduced. Ritzi et al.
(2000) and Ritzi (2000) discussed a number of sources of
bias from borehole logs and demonstrated methods to
reduce them. These biases include bias in estimates for the
proportions of facies types because of the clustering of bore-
hole locations, bias in the thickness of higher-permeability
facies because water wells often do not fully penetrate water
bearing units, and spurious lateral indicator correlation
because of the distribution of water well locations, which is
typically sparse and nonrandom. The latter type of bias will
be further addressed in this paper.

Following from the statistical characterization of
stratigraphy, there are a number of methods within indica-
tor geostatistics that can be used to generate realizations of
the spatial distribution of facies in a manner useful within
flow and transport simulations. Ritzi et al. (1994) reviewed
these methods in the context of representing glaciofluvial
stratigraphy. Since then, significant advances in the theory
and the general suite of tools for indicator simulation have
occurred (Deutsch and Journel 1998; Carle 1998), as
reviewed later in this paper. Some desirable aspects of indi-
cator simulation include the following. (1) The realizations
are created by an algorithm that maps the facies into cells
defined on three-dimensional grids (voxel maps) that can
be directly incorporated into numerical models for ground
water flow and transport. (2) The realizations can be made
to honor data at locations where they exist, and to honor the
statistical attributes of the stratigraphy (proportions of
units, mean and variance for facies thickness, and vertical

juxtipositioning relationships) in interpolating between
data. (3) Although lateral correlation is often poorly
defined from borehole log data, we can impose other
sources of information on the model for lateral correlation
(Weissmann et al. 1999). In this study, we rely on knowl-
edge of the depositional history of the region in defining
lateral correlation, overriding what we feel to be spurious
correlation that arises in analyzing the data alone. (4) We
can depart from the traditional stratigraphic approach that
produces a single, deterministic interpretation of the stratig-
raphy. Indicator simulation can be used to generate many
alternative, equiprobable interpolations between boreholes.
This facilitates a stochastic approach to modeling flow and
transport, such as in Monte Carlo simulations, to quantify
uncertainty in fluid flow and transport outcomes (Freeze et
al. 1990; Ritzi et al. 2000).

Study Area
A system of buried valley aquifers occurs in the west-

ern glaciated plains of North America. It extends from
Manitoba through eastern North Dakota and into South
Dakota. The aquifers result from Quaternary glaciofluvial
and fluvial deposition (Bluemle 1979; Armstrong 1980;
Shaver 1984, 1994; Shaver and Pusc 1992). We focus on a
well-studied part of this aquifer system in southeastern
North Dakota, shown in the expanded block of Figure 1.
Some of the aquifers here have been differentiated and
named, with lateral boundaries inferred by Armstrong
(1980). There are other aquifers identified by productive
water wells (Figure 1), but which have not been named or
traced out beyond individual wells.

In previous studies, the sediments have been grouped
into three lithofacies categories—diamicton, silt and clay,
and sand and gravel (Bluemle 1979; Armstrong 1980;
Shaver 1984). Figure 2 shows a cross section through the
Oakes and Spiritwood aquifers that is typical of many given
in Shaver (1984) and that indicates the spatial arrangement
of these lithofacies is complex. Diamicton, silt, and clay
occur within the aquifers, and sand and gravel occur within
the diamicton-dominated regions between the aquifers
(interaquifer regions).

The aquifers do not occur at the same elevation,
though in some places they are in hydraulic communication
(Shaver 1984, 1994). Shaver (1994) gave both hydraulic
and geochemical data indicating sand and gravel connec-
tions between the surface and aquifers, and between
aquifers, in a number of locations. According to Shaver
(1994), these connections are critical to understanding the
hydraulics of the region. His analysis of the water budget
suggested that sand and gravel connections, scattered
throughout the interaquifer regions, provide pathways for
most of the recharge to the aquifers. The large volume of
sustained irrigation withdrawals would not be possible
without flow through these connections. Shaver (1994)
suggested that “the geometry and plumbing (interconnect-
edness) of these inhomogeneities are complex and highly
variable, making it virtually impossible to map these fea-
tures” with traditional techniques.

Armstrong’s (1980) interpretation of aquifer bound-
aries in Figure 1 suggests a bimodal distribution in aquifer
width with broad aquifers (i.e., Spiritwood, Ellendale, and
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Oakes) and narrow aquifers (i.e., Nortonville, Edgeley,
LaMoure, and Guelph). The broad aquifers may have been
deposited within belts of multiple channels and the narrow
aquifers deposited within segments of single channels. To
allow for the possibility of such differences, these two
groups of aquifers will be analyzed separately as group 1
and group 2, respectively. The sediment surrounding the
aquifers will be referred to as interaquifer deposits.

Within the three types of deposits, the silt and clay
(mud) and the diamicton lithofacies are both expected to
have permeabilities that are orders of magnitude lower than
the sand and gravel lithofacies (Armstrong 1980; Shaver

1984; Stephenson et al. 1988). Thus, the deposits (i.e.,
group 1 aquifers, group 2 aquifers, and interaquifer
deposits) are each considered to be assemblages of two
facies types—mud and diamicton (m) and sand and gravel
(s). Each of the three facies assemblage types may differ in
the proportions, geometry, and pattern of the two facies
types. A conceptual model of this two-level hierarchy is
shown in Figure 3.

Strategy
Following from this hierarchical organization, the

geostatistical characterization, modeling, and simulation
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Figure 1. The location of buried valley aquifers within North Dakota. Expanded view is of Dickey and LaMoure counties with
borehole locations and location of the geologic cross sections shown in Figure 2 (modified from Armstrong 1980).



were done in two stages (Carle 1996; Carle et al. 1998;
Weissmann and Fogg 1999). We first characterized the
proportions, orientation, geometry, and pattern of the facies

assemblages. From this, we developed Markov chain mod-
els (Carle and Fogg 1997; Carle 1998) in each of three prin-
cipal directions. The Markov chain models were then used
in transition probability-based indicator simulation with
cokriging and a final quenching step (Carle 1997, 1998) to
create a realization of the facies assemblages.

In a second stage, the proportions, geometry, and pat-
tern of the facies types (m and s) were characterized for
each facies assemblage type. Geostatistical models were
developed from these characteristic statistics (Ritzi 2000)
and were used in indicator simulation (Deutsch and Journel
1992) to create a realization of the distribution of facies m
and s for each facies assemblage type. These facies realiza-
tions were then mapped into the appropriate regions within
the realization of the facies assemblages. The final com-
bined realization was then studied for the interconnected-
ness of facies s.

Characterizing, Modeling, and
Simulating Assemblage Types

Figure 1 shows the locations of boreholes from which
lithologic data were derived. These are the boreholes on file
with the North Dakota State Water Commission. The litho-
logic data were used to develop an indicator database rep-
resenting the presence or absence of each assemblage type
and of each facies type at each point of observation, with a
vertical spacing of 0.5 m. The volumetric proportion that
each facies assemblage type occupies was estimated from
the indicator data using a cell-declustering algorithm
(Deutsch and Journel 1992). The results are given in Table
1; further details are given by Proce (2002).

Pleistocene drainage was generally from northwest to
southeast (Shaver and Pusc 1992) across the region. Thus,
the aquifers might be expected to dip to the southeast. To
evaluate whether this is the case, we determined the orien-
tation of aquifer assemblage types using the methods
described in detail by Johnson (1995) and Ritzi et al.
(2000). To summarize briefly, we divided the indicator data
by a series of parallel planes into zones 5.0 m thick. We
then determined the proportion of facies s in each zone
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Figure 2. Geologic cross sections (located in Figure 1) show-
ing heterogeneity within aquifer regions and also within
interaquifer regions (modified from Shaver 1984).

Figure 3. Conceptual model of heterogeneity for the Spirit-
wood region with a two-level hierarchical organization.
Three assemblages are each composed of two lithofacies.

Table 1
Proportions and Mean Lengths

for the Facies Assemblage Types

Group 1 Group 2
Facies Assemblage Interaquifer Aquifers Aquifers

Proportion, from data 0.85 0.10 0.05

Proportion,
after declustering data 0.92 0.06 0.02

Mean length, inferred from transition rates

Dip direction 18,315 m 2943 m 895 m

Strike direction 59,208 m 5294 m 5179 m

Vertical 276 m 23 m 35 m

Mean length, based on geologic interpretation

Dip direction 200,000 m 20,000 m 20,000 m

Strike direction 41,283 m 5294 m 2000 m



using the cell-declustering algorithm. In an iterative
process, we systematically varied the orientation (direction
and angle of dip) of the zones and recomputed the propor-
tions. This analysis showed that the proportion of facies s is
maximized in zones that (1) correspond to the preconceived
depths of the aquifer assemblages (Shaver 1984), and (2)
have a dip of 0.08° in the direction 160° clockwise from
north (Proce 2002). From this result, we concluded that this
is the general orientation of aquifer assemblage types.

There are a number of additional steps in the charac-
terization of assemblages that follow from Ritzi et al.
(2000), are given in Proce (2002), and which we do not pre-
sent here. These include characterizing the orientation and
thickness of each of the named aquifers and characterizing
the proportion, thickness, and vertical transition probabili-
ties for facies m and s within each of the aquifers. The
results further justify categorizing the aquifers into two
assemblage types. Here we focus on the most difficult
attribute to characterize, which is the lateral correlation of
the assemblage types.

To characterize and model lateral correlation, we used
a Markov chain framework (Agterberg 1974; Carle and
Fogg 1997; Elfeki et al. 1997; Carle 1998). The framework
is built upon the probability of transitioning from one
assemblage type to another with translation. Specifically,
given that assemblage type j exists at x, the transition prob-
ability, tjk (x, x�), gives the probability that assemblage type
k exists at location x�. The vector hf is defined with a tail
at x and head at x� in direction f and with a magnitude hf.
For three assemblage types (numbered 1, 2, and 3), the
transition probabilities are given in the matrix

(1)

The transition probabilities at all lags can be modeled in an
elegant canonical form as a continuous Markov chain:

T(hf) = exp(Rfhf) (2)

Here Rf is a transition rate matrix:

(3)

and

exp(Rfhf) Zi (4)

where li and Zi denote the eigenvalues and spectral com-
ponent matrices, respectively, of Rf. The tjk (hf) can be
written accordingly. That is,

tjk (hf) = pk + Zjk,2 exp(l2hf) + Zjk,3 exp(l3hf) (5)

where pk is the proportion of assemblage k. Note that
–rkk,f

–1 is equal to the mean length of assemblage k in the
direction f (Carle and Fogg 1996), but only if the facies
types occur in equal numbers (Ritzi 2000). Furthermore, an
exponential structure for tkk (hf) arises when the coefficient

5 a
3

i51
exp(lihf)

Rf 5 £
r11,f r12,f r13,f

r21,f r22,f r23,f

r31,f r32,f r33,f

§

T(hf) 5 £
t11(hf) t12(hf) t13(hf)
t21(hf) t22(hf) t23(hf)
t31(hf) t32(hf) t33(hf)

§

of variation for assemblage length is close to unity (Ritzi
2000).

To characterize the lateral correlation of the assem-
blages, we computed T(hf) from the available data along
an azimuth of 160° with a dip of 0.08° and along an
azimuth of 70° with a dip of 0°. As described previously,
these are the inferred dip and strike directions, respectively,
of the facies assemblages. We also computed T(hf) in the
vertical direction. The results for these three principal
directions are shown in Figure 4. The transition probabili-
ties were generally symmetric with respect to direction
(i.e., results were similar for f and –f) and so we do not
present those computed in opposite directions (–f).

To develop the model Rf, first the eigenvalues of
T(hf), uk, and its spectral component matrices were found.
Then the eigenvalues of Rf were computed by

(6)

(Carle 1998). Both Rf and T(hf) have identical Zi , so Rf

and Equation 5 were thus defined. Rf is given in Table 2.
The Markov chain models for each principal direction are
plotted in Figure 4.

Ritzi et al. (2000) discussed spurious anisotropy in lat-
eral correlation that can arise from the areal distribution of
boreholes. Indeed, the Markov chain model has greater
mean lengths for both groups 1 and 2 aquifer assemblages
in the strike direction (perpendicular to aquifers) than in the
dip direction (parallel to aquifers), contrary to previous
mapping of the aquifers as portrayed in Figure 1. A better
understanding of this result is gained by the following
analysis.

Figure 5a shows a layer from a three-dimensional
sequential indicator simulation using the rate matrix in
Table 2. The simulation is conditioned to the data. The
Markov chain model prescribes the spatial variability. The
simulation is generated by a two-step procedure of (1) indi-
cator simulation using cokriging, and (2) simulated quench-
ing (Carle 1998). The cell size for the simulation is 500 m
by 500 m by 2.5 m. The horizontal layer is centered on a

            k 5 1,2,3lk 5  

lnuk(hf)

hf
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Table 2
Original Transition Rate Matrices for the Facies
Assemblage Types in Each Principal Direction

IA G1 G2

Dip direction IA –0.000055 0.000025 0.000030
G1 0.000366 –0.000340 0.000026
G2 0.001186 –0.000070 –0.001116

Strike direction IA –0.000017 0.000012 0.000005
G1 0.000182 –0.000189 0.000006
G2 0.000180 0.000013 –0.000193

Vertical IA –0.003617 0.002921 0.000696
G1 0.043092 –0.043285 0.000192
G2 0.027726 0.000477 –0.028204

IA—interaquifers
G1—group 1 aquifers
G2—group 2 aquifers



359 m elevation and samples the Spiritwood Aquifer. Cells
that contain conditioning data are black. Some cells contain
more than one borehole location and are not uniquely deter-
mined by the conditioning data. Figure 5b shows a layer
centered on a 399 m elevation, which samples the LaM-
oure, Ellendale, and Oakes aquifers.

The black cells are relatively closely spaced along a
number of transects approximately perpendicular to the dip
direction of the aquifer assemblages. These contain data
from an exploratory drilling program. Thus, the width of the
aquifer assemblages is relatively well characterized along
these lines. However, along any line parallel to the dip of the
aquifer assemblages, the data locations are sparse and the
length is not well characterized. The spurious anisotropy is
reflected in the simulation, with aquifer assemblages that are
more extensive along strike than along dip.

As noted previously, the methodology allows geologic
information to be imposed on the Markov chain model
(Weissmann et al. 1999). In this case, the mean length of
group 1 and group 2 facies assemblages can be specified to
be greater in the dip direction than in the strike direction.
Simulations with the Markov chain model so modified will
create greater continuity along the dip direction. Yet, the
simulations will also honor the conditioning data and
thereby restrict aquifer connectivity at locations where data
show that the interaquifer facies assemblage exists.

As Figure 1 shows, a line along dip direction (azimuth
of 160°) would intersect the aquifers with segments of the
order of 20 km. Therefore, the diagonal rate matrix for the
dip direction was modified so that rG1,G1 and rG2,G2 equal
�(20,000)–1 m. To comply with probability laws, the row
sums must still equal zero:

;    k = 1,2,3 (7)

Furthermore, the diagonal entry must be equivalent to the
negative of the sum of the off-diagonal row entries:

;      j = 1,2,3 (8)

The column sums must obey

;        k = 1,2,3 (9)

We specified the proportions (those defined after decluster-
ing the data) and allowed the transition rates associated with
the interaquifer assemblage to be determined by enforcing
Equations 7 through 9 (Carle 1998).

The modified rate matrices are given in Table 3. The
modified Markov chain model is plotted in Figures 4b and
4c. Layers from a sequential indicator simulation created
with the modified model are shown in Figures 5c and 5d.
With the modified Markov chain model, the aquifer assem-
blages in the simulation are considerably more extensive
along the dip direction.

Although the aquifer assemblages are elongated in the
direction of dip in the realization created with the modified
model, they do not appear, within a single layer, to be as

a
3

j51
pjrjk,f 5 0

rjj,f 5 2 a
3

k2j
rjk,f

a
3

k51
rjk,f 5 0
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a.

b.

c.

Transition Probability – Vertical

Transition Probability – Dip

Transition Probability – Strike

Figure 4. Transition probabilities for facies assemblages: (a)
vertical (downward) direction, (b) dip direction, and (c)
strike direction.



continuous as those depicted in Figure 1. In some locations,
the aquifer assemblages continue in higher or lower layers
of the simulation. However, the conditioning data cause
some aquifer assemblages to remain discontinuous along
dip. To evaluate the overall continuity of higher-permeabil-
ity pathways for flow, we must also consider how sand and
gravel within the interaquifer assemblage might connect
aquifer assemblages, as follows.

Note that we have used the same Markov chain model
across the entire domain. The architecture in the western

region is less defined because there are fewer data. How-
ever, productive water wells exist there in aquifers that are
not named or traced out beyond a single well in Figure 1.
We have assumed that these aquifers in the western region
include group 1 and group 2 aquifer assemblages with the
same characteristic statistics as in the east.

Characterizing, Modeling, and Simulating Facies
Each facies assemblage is conceptualized as having

two facies—m (mud and diamicton) and s (sand and
gravel). Because the presence of one facies type defines the
absence of the other, the autotransition probabilities com-
pletely define the system; the cross transition probabilities
contain no additional information. For such a system, Ritzi
(2000) gave a method of defining vertical transition proba-
bility models directly from statistical characterization of
proportion, length, and relative number of occurrences of
the facies. That method circumvents several sources of bias
in the data and is adopted here. We use statistics given in
Table 4. They include the facies proportions estimated after
declustering data locations (both laterally and vertically)
and the mean and variance in facies thickness ( and ,
respectively) as computed from the borehole records after
considering sources of bias as later discussed. Ritzi (2000)
showed that when sk l

-
k
–1 is of the order of unity, or

greater, the autotransition probabilities will tend toward an
exponential structure. Table 4 shows that this condition is
generally true, so we model the autotransition probabilities
with exponential functions.

sklk
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Figure 5. Slices from simulations of the study area (80 km by 80 km) at two elevations: (a) and (b) using the original Markov
chain model, and (c) and (d) using the modified Markov chain model.

Table 3
Modified Transition Rate Matrices

IA G1 G2

Dip direction IA –0.000005 0.000003 0.000002

G1 0.000050 –0.000050 0.000000

G2 0.000050 0.000000 –0.000050

Strike direction IA –0.000024 0.000012 0.000012

G1 0.000172 –0.000172 0.000000

G2 0.000500 0.000000 –0.000500

Vertical IA –0.003617 0.002921 0.000696

G1 0.043092 –0.043285 0.000192

G2 0.027726 0.000477 –0.028204

IA—interaquifers
G1—group 1 aquifers
G2—group 2 aquifers



There are some subtle, but important, issues regarding
the development of the geostatistical model. If facies m and
s occurred in equal numbers and if there were no biases in
estimates of their thickness derived from drilling records,
the range of the autotransition probability would be equal
for either facies and given by

(10)

It would also be true that

(11)

(Carle and Fogg 1996; Ritzi 2000). However, the facies do
not occur in equal numbers and there are biases in these
estimates of thickness (and proportion) derived from raw
data. Ritzi (2000) discussed the consequent effects on ver-
tical sample transition probabilities and how to account for
them. Here, we give a brief review.

Typically, a drilling record (a vertical line of sampling)
through the aquifer assemblages will encounter either all
facies s or occurrences of facies m between facies s (e.g., s,
or s-m-s, or s-m-s-m-s, etc.). Accordingly, facies m tends to
occur in lower numbers and is embedded within facies s
along such lines of sampling. This typically increases the
range of the sample autotransition probability (as compared
to Equation 10) for facies s by a factor of two or more. Ritzi
(2000) showed that if

x
k,f = (12)

then

(13)

and

(14) ; f 5 51z, 2z6x21
k,fa 5 3(1 2 pk)lk

 ; f 5 51z, 2z6xk,f 
'tkk(hf)

'hf

 �
hf50

5 2  

1
lk

 

 
'tkk(hz)

'hz
 �

hz50
5 2  

1

lk
 

a 5 3(1 2 pk)lk

Proce (2002) computed for all facies in each assem-
blage type and found them to be generally symmetric with
respect to {+z, –z}. Hence, we replace f with z with the
understanding that symmetry is implied. The computed
within aquifer assemblages is of the order of 3 to 4 as seen
in Table 4. Thus, an exponential model defined by Equation
10 corresponds poorly to sample autotransition probabili-
ties, with a range smaller by a factor of 3 to 4 (as per Equa-
tion 14). Furthermore, if one were fitting exponential
curves to the sample autotransition probabilities (which we
do not) and inferring thickness from Equation 11, the
inferred thickness would be significantly biased.

Furthermore, the aquifer assemblage database is
derived largely from water well logs and these logs reflect
that drilling often proceeds into facies s only as far as
needed to set a well. The lack of complete penetration of
facies s biases the estimate of computed from the raw
data. This bias is avoided by using the statistics for facies m
to define the range of the transition probability models for
the aquifer assemblages, as was done in Ritzi (2000).

In the interaquifer assemblage, borehole logs record
units of facies m in greater numbers than facies s along ver-
tical lines of sampling. Consequently, is of the order
of 2 (Table 4), and the vertical sample autotransition prob-
ability for facies m is influenced according to Equation 14.

The vertical autotransition probability models defined
by Equation 14 and the statistics given in Table 4 are plot-
ted with the sample autotransition probabilities in Figure 6.
Although the sample autotransition probabilities were not
fitted, the correspondence is quite good. The largest dis-
crepancy is between the model and the sample autotransi-
tion probability for facies s in the group 1 assemblage. This
is because the raw data give a biased estimate of facies
proportions (too low for facies s, too high for facies m), and
the sample autotransition probability reflects this bias. In
that we have used methods to reduce these biases in build-
ing the models, the models are thought to be a better repre-
sentation of the transition probabilities.

Note that we used a range defined by Equation 14 in
comparing (not fitting) the model transition probabilities to
the sample transition probabilities. As a practical matter,
the model range defined by Equation 10 should be used in

x21
m,z

ls

x21
s,z

xk,f
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Table 4
Characteristics of the Facies Types and Autotransition Probability Models

Assemblage Interaquifer Interaquifer Group 1 Group 1 Group 2 Group 2
Aquifers Aquifers Aquifers Aquifers

Facies m s m s m s

p
–

k 0.88 0.12 0.19 0.81 0.17 0.83

l
–

k 16.9 m 3.8 m 5.7 m 8.1 m 4.6 m 10.7 m

σlk 20.1 m 4.9 m 5.2 m 7.1 m 5.4 m 9.2 m

xk
-1 2.2 1.2 1.3 2.8 1.4 3.8

Model exponential exponential exponential

Vertical range 12.0 m 18.0 m 15.8 m
Lateral range 700 m 500 m 500 m

number contacts defining a change
from facies k to j in direction f

number of occurrences of facies k



sequential indicator simulation to generate a realization of
the facies. After mapping a part of this realization into a
region within a realization of the facies assemblages, as
described later, the proper ratio for the number of occur-
rences of facies types along vertical lines of sampling will
exist within the limited thickness of the assemblage region.
It is important to note that when exhaustively sampled, the
combined realization will have vertical autotransition prob-
abilities for the facies types that agree with Equation 14,
and thus that generally correspond with transition probabil-
ities from the original borehole data, even though a model
based on Equation 10 was used in the simulation.

In order to measure directly the facies lengths or to use
the method previously described, facies must be sampled
continuously. For our data, this is only the case in the ver-
tical direction. Thus, for lateral directions we used variog-
raphy to infer lateral correlation, following the method of
Ritzi et al. (2000). Models were then fitted to the semivar-
iograms. A semivariogram method is preferred over com-
puting transition probabilities because the former utilizes
more data pairs per lag class. The semivariograms were
normalized by the lag class variance to reduce proportion
effects, following Johnson and Dreiss (1989).

Ritzi et al. (2000) concluded that, with indicator data
from borehole logs having the spacing typically found in
buried valley aquifers, directional variography and jack-
knifing are not meaningful. Thus, only omni-direction
semivariograms were computed and they were used only to

suggest the approximate lateral range of correlation. These
are shown in Figure 7. The results indicate lateral correla-
tion ranges of the order of 102 m and are modeled using an
exponential model to be consistent with the better-defined
vertical models (Table 4). Anisotropy in lateral correlation
may exist (e.g., greater correlation along dip direction)
even though we cannot resolve it. However, Ritzi et al.
(2000) explored the influence of such anisotropy on flow
and transport in Monte Carlo simulations representing
aquifer regions and found the influence to be negligible.

A conditional sequential indicator simulation code
(Deutsch and Journel 1992) was used to create separate
three-dimensional realizations for the facies within aquifer
and interaquifer assemblages. The domain size and grid
spacing were identical to that used for the simulation of
facies assemblage locations.
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Figure 6. Sample (diamonds) and model (solid line) auto-
transition probabilities in the vertical direction for (a) facies
in the interaquifer assemblage, (b) facies in the group 1
aquifer assemblage, and (c) facies in the group 2 aquifer
assemblage. Dashed lines indicate proportion determined
after declustering data locations. Note that the models are not
fitted to the sample transition probabilities, but are devel-
oped separately and are considered better representations.

Figure 7. Sample (diamonds) and fitted model (solid line)
omni-directional semivariograms for (a) facies in the inter-
aquifer assemblage, (b) facies in the group 1 aquifer assem-
blage, and (c) facies in the group 2 aquifer assemblage.
Dashed lines indicate the effective range of the fitted model
(vertical) and the indicator variance determined after declus-
tering data locations (horizontal) as used in simulation.



Creating a Multiscale Model
of Hierarchal Heterogeneity

Each of the three facies simulations and the single
facies assemblage simulation have identical cell dimen-
sions and locations. Therefore, each cell location within the
facies assemblage simulation has a corresponding cell loca-
tion within each of the three facies simulations. The indica-
tor corresponding to that cell in the facies assemblage
simulation determines which of the facies simulations is
mapped to that location. Figure 8 illustrates the realization
using the modified Markov chain model. Geostatistical
evaluation of this multiscale realization (Proce 2002)
showed that the simulation algorithms (Deutsch and Jour-
nel 1998; Carle 1998) accurately reproduced the models of
spatial variability.

Analysis of Facies s Interconnectivity
Two facies s cells are here defined to be interconnected

if there is a face-to-face contact between them, as would be
the case in finite-difference approaches to flow modeling.
The interconnectivity within the multiscale realization was
determined with a search algorithm we wrote to track such
connections and report on groups of interconnected cells;
87% of all facies s cells are connected (Figure 9) in a sin-

gle interconnected group. The existence of this large group
of connected cells was confirmed using an interactive visu-
alization program.

Note that the south face of Figure 8 bears strong
resemblance to the many east-west cross sections in Shaver
(1984); two of these sections are shown in Figure 2 of this
paper. The resemblances include having large groups of
facies s voxels making up the aquifers, having abundant
occurrences of smaller groups of facies s in the interaquifer
region, and having lack of apparent connections between
the two. However, these connections do occur in three-
dimensional space, as shown in Figure 9. Indeed, intercon-
nection among aquifers, and between aquifers and the
surface, are suggested in hydraulic and hydrogeochemical
data discussed by Shaver (1984, 1994).

Percolation theory dictates that a group of intercon-
nected cells will span the domain (i.e., connect one domain
boundary to another) if they are randomly placed and if
their global proportion exceeds 31.16% (the percolation
threshold). The global proportion of facies s cells in the
multiscale realization is 23%, which is below the percola-
tion threshold. Yet, there is an interconnected group that
spans the domain, as can be seen in Figure 9. Thus, the cor-
relation structure imposed in these simulations has facili-
tated interconnectivity.
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Figure 8. A multiscale realization, with cutaway view. Note that the northeast quadrant is cut at a lower elevation to expose
part of the Spiritwood Aquifer and the southeast quadrant is cut at a higher elevation to expose part of the Oakes Aquifer.



The structure associated with the aquifer assemblages
obviously facilitates interconnectivity of facies s cells, but
the interconnectivity within the interaquifer assemblage is
also important in facilitating this. More than 37% of the
facies s cells within the large, interconnected group are
located within the interaquifer assemblage. The lateral
mean length for facies s in the interaquifer assemblage is
close to the lateral dimension of the cell, but the mean
thickness is greater than the vertical cell dimension by a
factor of 4. Thus, it seems that vertical aspects of the inter-
aquifer interconnection are important.

The interconnection of sand and gravel within the mul-
tiscale model is consistent with observations of the real
aquifer system made by Shaver (1984, 1994). Shaver
(1994) gave both hydraulic and geochemical data support-
ing the existence of sand and gravel connections among
aquifers, and between the surface and aquifers in a number
of locations. Shaver’s analysis of the water budget sug-
gested that sand and gravel connections scattered through-
out the interaquifer regions provide pathways for most of
the recharge to the aquifers. He suggested that the large vol-
ume of sustained irrigation withdrawals would not be pos-
sible without flow through such connections. While the
interconnection of sand and gravel in the model would
facilitate such hydraulic links, the cross-sectional area of
any one connection between aquifers can be small relative
to the cross-sectional area of the aquifers. This aspect of the
model is also consistent with observations that Shaver
(1984) made of hydraulic gradients within the real system.

In this paper, we present just one multiscale realiza-
tion. With the groundwork laid, future studies can easily
generate many realizations just by changing seed numbers
in the simulation algorithms. We envision doing this in
order to run Monte Carlo flow and transport simulations
and compile statistics from the results related to recharge,
mass residence time, and the influence of preferential flow
pathways. However, other steps are needed in generating

flow models. Bedrock ridges create transverse barriers to
flow in the Spiritwood Aquifer (Shaver and Pusc 1992).
Thus, bedrock topography will need to be superimposed as
a bottom boundary on the sediment package, perhaps with
leakage as suggested by Shaver (1984, 1994). Fracture flow
through the interaquifer regions (i.e., through fractures in
the diamicton) may be important to some studies. Further-
more, Shaver (1984) inferred from hydraulic testing that
narrow channels filled with low-permeability facies (low-
transmissivity barriers) reduce hydraulic communication
across portions of the aquifers. His conclusions about the
existence of specific transverse barriers in this region are
based on hydraulic test data, not lithologic data, and so
transverse barriers were not specifically represented in our
database or model. This may be an additional feature to
superimpose on the model.

Conclusions
Sedimentary deposits are often conceptualized using a

hierarchical framework with smaller scale units making up
larger scale units, which in turn make up still larger scale
units, and so on. There are a number of methods within
indicator geostatistics that allow for statistically character-
izing the stratigraphy of the units at each scale. There are a
number of known sources of bias in the sample statistics
computed from borehole data. The methods can be applied
in ways that reduce this bias.

We analyzed the system of buried valley aquifers in the
Spiritwood Aquifer region. The region is conceptualized as
having three facies assemblages with each assemblage com-
posed of two facies types. When we removed the effect of
clustered boreholes on the estimates of proportion, we found
that most of the region (92%) is occupied by an interaquifer
assemblage. A broad aquifer assemblage occupies 6% of the
region and a narrow aquifer assemblage occupies 2% of the
region. The aquifer assemblages dip 0.08° in the direction
160o (clockwise from north).

The general orientation of these assemblages was
determined by an iterative study of how proportions change
with partitioning of the subsurface. Note that this could not
have been determined from directional studies of the ranges
of sample transition probabilities, which had spurious
anisotropy.

Each assemblage type is composed of the same two
facies types—facies m (mud and diamicton) and facies s
(sand and gravel). The proportions and thicknesses of each
facies type were characterized separately for each assem-
blage type. The interaquifer assemblage is dominated by
facies m (88%) and the aquifer assemblages are dominated
by facies s (81% for group 1 and 83% for group 2).

We developed a geostatistical model for the stratigra-
phy of the three assemblage types using the Markov chain
framework. The transition rate matrix in the Markov chain
model was modified to impose greater continuity in the
aquifer assemblages along the dip direction.

We developed indicator semivariogram models repre-
senting the proportion, thickness, and lateral correlation of
facies m and s within each assemblage type. We did not
develop the models directly from sample statistics on pro-
portion, thickness, and lateral correlation, but used methods
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Figure 9. A single interconnected group of facies s is shown
by the black cells. Note that the northeast quadrant is cut at
a lower elevation to expose part of the Spiritwood Aquifer
and the southeast quadrant is cut at a higher elevation to
expose part of the Oakes Aquifer.



that addressed and reduced known sources of bias in those
statistics.

Sequential indicator simulations of the facies were
generated from these models and mapped into a realization
of the assemblages. This created a multiscale realization of
the region.

We studied the interconnection of facies s occurrences.
We find that there are complex, interconnected pathways
spanning the domain between all of the boundaries. This is
true even though the proportion of facies s is below the per-
colation threshold. This indicates that geologic structures,
as represented in the indicator correlation models, create
interconnectivity above that which would occur if facies s
were randomly placed. Furthermore, the facies s occur-
rences in the interaquifer assemblage are important in cre-
ating this interconnectivity. The interconnection we
observe within the multiscale realization is generally con-
sistent with observations of the real aquifer system made by
Shaver (1984, 1994).
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